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S1  S2 := exp (log(S1) + log(S2))
λ ~ S := exp (λ. log(S)) = Sλ.
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´¹twvojH^y]s
´¹R*v|Q|´Lbv~}jHRtv
6
z©xvf{j{1~©zvoz}|1tQ|1toz}{jjHz}xvof{ztwvz}~©jR«[|RojH|b¬jHHªb~}~{ÃÄ|R°d1~©zujH
|ik{uvbvz©|R1t9oje ) 3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z¯vf{ikz}{|iz}Äªb1&{|^{|v91toj41o¬bbv{j
|ojI*vz©|R1t4Rtgz©vf{jb»{j°?z}]¬ozBv$RtwjR«
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Æ¿j8yjHz}	³$z©vofk^ujItooz}uvoz}|¸|´{vf{j4´¶{1{ixjHBv~]{|Wjovoz}jHt&vo|]|R~}t1tojHz}¸vof{zt³4|Ro·L«9Òz}twvHª
³8j$jH~©~{vof{j­j~}jikjBv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o|RjHwvz©jItQ|´Lvf{j^ibvoz©±¸j±u|R{jBvoz~?«:egf{j³8jj±{ixz}{jgvf{jjH{j~
1o|RjHwvz©jIt$|´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ovoz}jHt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ovoz}jHtxyWjH1tojEvf{js¾ojtoWjHz~g·]z}1¾|´­z}B¬Rjovoz}y{~}j
ivoz}jHtHª1 |R¼vof{j|vf{jf1_vof{jHs¼H2yWj|1tozuj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|´¶|R{1³gs«:egf{zt8|ik1voz}y{z©~}z©vsz}t
vf{j|Roj/|´vof1j{{|RRfEujH¬j~}|WjHf{jHojR«
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aÊf* '¶£>' Î3* &  #    	C 
#   H #  \B 	`   # 3        
    C # `  #e
  # n    #    Sym+? (n)  
@  #c   n∗n  $ 
 e       #       3KU 	 +  
   #    Sym(n)  
        #$   $  n ∗ n      $ 
 GL(n)   
#  	   $ 1   0  H n ∗ n  $ 
 M(n)    
   U$    $  n ∗ n 	   $ 
  (λ1, ..., λn) #    $  
  \        $ $ 	 $ #   
Y
#      	 (λi)i∈1...n    \   %
   7 	      M  Sp(M)  

#e  #$	   M 1   c 
          	 
   φ : E → F $Y   c   H  (   \ $ # $  # B  > 
    H0 !   $+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  
m ∈ E
U  \ E 	 +        3H  +
dM
   
   \\
  # 
E

m
  #      Dmφ.dM 
egf{jujH{|ikz}1bvz©|R#"oe9jH1tw|R8q]j%$/|RikjHt½´¶o|Ri)µ­e8°²Ð$m)
HG .ª]³$f{jj/{z¯ÈL1toz©|R|b¬boz1j
ivoz}jHtgj&~}~}jHEvojtw|RtH«
 '& ()
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-/.0-124356
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egf1jj±uW|{jHRvz}~{{~sutjHBvo~{|~}j$z©K  e 	 + 
¹tojj  %1ªB GªI,*«QÆ¿j³$z}~©~W|twzuj½f{jj$|{~}s
vf{jibvoz©±Ð¬jHtoz©|RT|´4vf{jj±uW|{jHRvz}~Kª9³$f{z}f¿zt&Ev|]|~Qvf1bv&³8jxj±]vojtwz}¬jH~©sÐtwjkz}vf{j{j±Bv
tojHvoz}|1tH«[Æ¿jEjH~©~4z¯vt¸{j®1{z©voz}|9ª1#Rz©¬Rjz¯vt	jH~©jHikjBvos{o|RjHwvz©jIt«ÐÃtwv	y{uvk{|v	~©jItwvHª
³8jERz©¬Rjvof1jlg·Rjo° ¨ ik{yjH~©~©° i^tou|RwÈÀ´¶|Roi¸{~{«Tmdvkzt¸T¬js¿®1{jEvo|]|~4vof1vx1o|b¬]zujHt¸ujjH
z}1toz©RfBvt&z}¾ÃÄz}jYS/o|R{1tH«Æ¿j³$z}~©~½®11#z©v	f{z}f{~}sTtwj´¶{~v|T|RixjkÃ9|°?~}z}ujI#ikjH1tvo|
»{j°dz©]¬bzBv4ikjH1t$z}qujH« L1«
aÊf* '¶£>' Î3* -8 ! 
#j    +
exp(M)
 E    
M
 U     
exp(M) =
∑∞
n=0
Mk
k!

 
G ∈ GL(n)
9!,  
    
M ∈ M(n)
	 
  
 
G = exp(M)


#
M
 E  $ 
  \  
  
N
 3 #  #    G = log(M) 
m²Âj1j~?ª:vof{j~©|RRoz©vof{i |´/ÐjH~8z}B¬Rjovoz}y{~}jEibvoz©±Àiks#{|vxj±uz}twvHª1¾z©´^z©vxj±]ztwvtxz¯v
isx{|v8yj/{{zB{j«Qegf{j­~}R·k|´Äj±uztvj1j^zt4j1j~11f{j{|Rikj{|Rz©|1{jHvojHEÃÄz}j^|11t«
n­1j^jH{j~}~}s¸{jHjH{t  # j±u|R{jBvoz~t½vo|xojIfj¬Rjskj~}jikjBv R?«Qegf{j/~·k|´91{z}B{jH{jHtt4z}t
jItotojBvz}~©~}su1jvo|vof{j¸z©  {j1j	|´:|vbvz©|R1t 	4o|vvoz}{|´½Ð{R~©j
α
z}t^vof1j¸tikjt^o|vbvz©1
kkml noop$q
GI   $ U e 
|´{R~©j
α + 2kπ
³$f1jj
k
z}tgz©BvjjHH«q]z}1j^vf{j~©|RRz©vof{i(|´	|vbvoz}|Eikvoz¯±E{z©jHvo~}s
{jWj1{t¸|Àz©vt¸|vvoz}|À1~}jHt 
¹|{j{R~©jEtou»jItz} %µ¸ªy{uvxtoj¬Rj~½{~}jHt	j{jHjHttoos
³$f1j
n > 3
*ªWz¯v/z}t^{|v^1{z}B{jR«ci|b³8j¬RjIª{³$f{jHTibvoz©±zt­tou»z}jBv~©s~}|Rtoj&vo|vof{j¸z}ujHBvoz©vsª
vf{jÀ~©|RRoz©vof{i ~}³8sut­j±uz}twvtHª91Tik|RojH|b¬jik|R{~©~Qj±uz}twvoz}{~©|RRoz©vof{itHªLvof{jHoj~©³gsut
j±uz}twvt8|1j^³$z©voftwi~}~}jHtwv8{|Roiªu~©~}jH  3     1  \  
x«mdv$z}t8Rz©¬Rjy]skvof1j­´¶|R~©~}|b³$z}{¸tojz©jIt 	
log(Id + M) =
∞
∑
k=1
(−1)k+1
k
Mk.
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egf1z}t4twjHoz}jHt½z}t8y1to|~}uvj~}s¸|R]¬jjHBvQ´¶|
‖M‖ < 1
³$f{jHoj
‖.‖
zt½E~}jHy{­1|iªBz?« jR«¬Rjz¯´¶s]z}{
‖M.N‖ ≤ ‖M‖.‖N‖
´¶|R~}~9tRj­ibvozjIt
M, N
«
5 4 Ê]Î ¤ Ê  & 
exp : M(n) → GL(n)
  
C∞
 (   \  ! c+       # 
M ∈ M(n)
  \E   	   $   P    3 U$  
dM ∈ M(n)
        
DM exp .dM =
∞
∑
k=1
1
k!
(
k−1
∑
l=0
Mk−l−1.dM.M l
)
.
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?¤ ÎÄÎ32  egf{j4toik|B|vof{1jHttÄ|´
exp
z}ttwz}ik{~}s­|R1twjIB{j1j|´uvf{j½1{z¯´¶|RoiOy1tw|R~©{voj½|]¬jHoRj1j
|´z¯vttwjHoz}jHt^j±u1twz}|Ðz}TBs[|ik1v/tojv/|´
M(n)
«/egf1jxuz©ÈLjjBvoz~z}t­|y{vz}{jIT~ttoz}H~}~©s
y]sE¸vjiy]svojHoi ujz}¬voz}||´vof{jtojz©jItguj®11z©{kvf{j&j±uW|{jHBvoz~?«
Æ¿j8tojj4f{jjvf1bvvof{j8{|Ru°d|iki	{vbvz©¬]z©vs|´{vf{j4ivoz¯±&i	1~¯vz©{~}zbvz©|R¸|ik{~}z}HbvojIt9tojz©|R1to~©s
vf{juz©ÈWjHojHBvozbvoz}|¿|´4vof{jj±u|R{jBvoz~?ª9³$f1z}f¿z}ti	1f#twz}ik{~}j&z}vf{jt~&Htoj« i|b³8j¬RjIª
v·]z}{xvof{jvRj/z©½W« 
¹ 8s]z©jH~}{t 	
< Î ¤ Î ' '¹¥u¤ Ë &   3$
∀M, N ∈ M(n) :
!# 
(M.N) =
!  $
(N.M)
 #  
   
!# U$
(DM exp .dM) =
!# U$
(exp(M).dM).
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Æ¿j&³$z©~}~9~}to|¸twj&z}vof{j´¶|R~©~}|b³$z©1	vf{z}t{o|RjHwvs|R[ujvjixz}1Rvt 	
?¤ Î+A½Î ¢('¹£(' Î3* &   
M ∈ M(n)
 ! 
# 
(exp(M)) = exp(
!# U$
(M))

?¤ ÎÄÎ32  egf{z}txztxjHtoz}~©sÀtojjÂz©ºvojHoit¸|´^jHz©Rj]¬b~}{jHt¸|´
M
«Àegf{j R|{º{jH|Rik|Btwz©voz}|¾|´
M
 GI$ttw1ojxvofbv¸eRj
(M)
z}tvof{jtw{i |´$z©vt	jz}j]¬b~}{jIt«l8uvvof1jEj±uW|{jHBvoz~|´$voz©°
{1~}ibvoz©±v1tw´¶|iktvof{jxuz|R1~¬b~}{jHt­|´Qvf{z}t­ibvoz©±[z©Bvo|Evof{jHz©t~^j±u|R{jBvz}~K«
egf1j	ujvjikz©1Bv^|´
exp(M)
z}t­twz}ik{~©svf{j{|uu1*v­|´Qz¯vt^jHz©Rj]¬b~}{jHtHª{³$f{zf[zt{jHz}toj~}sEvf{j
j±u|R{jBvoz~|´9vf{jvoj/|´
M
«
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    #  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 E    
 
#$     
#
   B$0  
M, N ∈ M(n)
 3
t ∈ R
  
#
t
        	U 
  #  
   
#   H #  \
   H   `  # 
  

# H \  
 	C$   
#  3 3      \  
 
log(exp(t.M). exp(t.N)) = t.(M + N) + t2/2([M, N ])
+t3/12([M, [M, N ]] + [N, [N, M ]])
+t4/24([[M, [M, N ]], N ]) + O(t5).
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GL(n)
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exp : Sym(n) →
Sym+? (n)
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g¬jtoz©|Rvo|kjHz©Rj]¬b~}{jHt 	
{
log(R.
µ­z
(λ1, ..., λN ).R
T ) = R.
µ­z}
(log(λ1), ..., log(λN )).R
T
exp(R.
µ­z}
(λ1, ..., λN ).R
T ) = R.
µ­z}
(exp(λ1), ..., exp(λN )).R
T .
egf1jHtoj­´¶|Roi¸{~ji·j/]{ikjz}H~Ä|ik{uvbvoz}|tg|´~}|Bz¯vf{it$1j±uW|{jHBvoz~tgf{jj1ovozu°
~~}sj»z}jBvtg|Rik1jHvo|¸vof{|Btwj|´jH{j~WibvozjHtH«Q[|j|b¬RjIªvf{z}t¬Bz}j³$W|z}Bv8Rz©¬RjHtg~to|
¸tvz©RfBvw´¶|³g	ikjvf{|u´¶|R8|ik{uvz©1	z}B¬RjtwjIt 	z¯v$tou»jHt½vo|xz}B¬Rjtwjvof{j/jz}jHB¬b~©{jItz}
|Rwvf{|1|ik~ytoz}t8v|x|Ryuvz©vf{j&z©]¬RjtwjR«
    38+3*
 7 +1238+35
egf1z}tvoz}ixj´¶o|Rivof1jE¬]z©jH³$|Rz©Bv|´8v|W|~}|Rs¿{z¯ÈLjjBvoz~4jH|ikjvosRªÄvof1jvojH1tw|R	to1jf1t
~}to|xik]s1ovoz1~}oz©voz}jHtH«
 l l!"$#"&%!'(#$l) l* l) +%,-ll.0/$%21313 $"&)4516#7"&) 8:94<;!#"$) $13/=16#%:8)4/&>-?<"=#@ l/$<"ABC<"=8#13D94<'
E)4F lG$) +%:C#/=#$l) l*0l) +%6-IH$J!KLM16#7"&) 8394<;!#"&) 13/N'2/) l O) #$l:PQOR2)4SI F,#/=#"$#7)4l:S=</#$l;<94 /=#"&
#"$P) $"$#"&%,1@T9 $)4D94 /I-
2π
A
U6V )4/)4/5FTWW-X#C#7$ l/<"&/W#"&Y[Z<\]W^<_IZ`K\&^!a0Z!\H'b94)4c<@"$#7)4l/W#$lFd#$lG$)4/$%21313"&)4W16#7$"$)4  /
e4fg7h A
kkml noop$q
G   $ U e 
?¤ Î+A½Î ¢('¹£(' Î3* - 
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Sym(n)
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x 6= 0
ª
xT .S.x > 0
«QÆ z¯vfvof{zt$z}ikz}1ª{~}jvt$|twzuj$|R{j&ttwjHwvz©|Rv$xvz©ikj	
  Sym+? (n)
zt|RjHÄ«ÃÄjv
‖.‖
yj{|Roi |R
R
n «ÃÄjv ‖.‖ yjkvf{jttw|uz}vojHT{|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R
n 	 ‖M‖ = sup
‖x‖≤1
‖M.x‖
«QÒ1|g]sxvojtw|R
S
ª]³8j^f1¬Rj 	
|xT .S.x| ≥ λmin‖x‖
2 ³$f{jj λmin := min
λ∈Sp(T )
λ > 0
«ÀÑ^tx|1tojHB{jH1jRªQt¸~©|R{Rt¸
tws]ikikjvoz&ibv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dS
zt^to1fvof1v
‖dS‖ < λmin
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x 6= 0
	
xT .(S + dS).x >
(λmin − ‖dS‖)‖x‖
2 > 0
«egf{ztgixjI1t8vf1bv
S + dS
zt$tvz©~}~9¸vojH1tw|R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  Sym+? (n)
zt­|]¬j± 	4~©jv
0 < λ < 1
1
S1, S2 ∈ Sym
+
? (n)
«­egf{jH
(1 − λ)S1 + λS2
z}t
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  Sym+? (n)
z}t$xf1~¯´ °²|R{j 	
∀λ > 0
1
S ∈ Sym+? (n)
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λS
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n(n + 1)/2
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log : Sym+? (n) → Sym(n)
 
C∞
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ojIt^vf1bv
log
zt&~to|toik|]|vof9«q]z}1jkvf{juz©ÈWjHojHRvz}~Q|´
exp
bv
0
z}t/toz©ik{~}sz}¬jTyBsvf{j	zujBvz¯vsRªWz©vz}t­z©]¬Rjovoz}y{~©j¸y]s|Bvoz}]{z©vsz}E{jz}f]yW|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0
«/Æj
1|b³_tof{|b³Âvof1vvof{zt1o|R1BbvojItvo|&vf{jjHRvz©jto1j
Sym(n)
«m²1ujjIªB~©jv½1tQvf{jto{{W|Rtoj$vf1bv
´¶|R&EW|z}Bv
M
ªÄvof{juz©ÈWjHojHBvoz~
DM/2 exp
ztz}B¬Rjovoz}y{~}j«Æ¿j~z}i vof1vvof{jH
DM exp
zt&~tw|
z}]¬jHwvz©y{~}jªW³$f{zfTtou»jHt^vo|{|b¬j&vf{j	W|z}BvH«e9|twf{|b³Çvf{ztªL~}jv­t^v·Rj
dM ∈ Sym(n)
to1f
vf1bv
DM exp .dM = 0
«:md´
DM exp
zt4z©]¬jHwvz©y1~©jRªB³8j­tof{|R{~}f1¬j
dM = 0
«Qe9|xtwjHjvf{z}tHª]ojHi·
vf1bv
exp(M) = exp(M/2). exp(M/2)
«l8sE{z¯ÈLjjBvozbvz©|R1{1~©s]z}{xvo|
dM
ª{³8jjv 	
DM exp .dM = 1/2((DM/2 exp .dM). exp(M/2) + exp(M/2).(DM/2 exp .dM)) = 0.
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egf1z}tgz}ik{~©z}jHtyBsEi	{~©voz}{~}z}Hbvoz}|y]s
exp(−M/2)
	
exp(−M/2)(DM/2 exp .dM). exp(M/2) + (DM/2 exp .dM) = 0.
quz©1j
A−1. exp(B).A = exp(A−1.B.A)
³8j^f1¬Rj^~to|y]sxuz©ÈLjjBvozbvz©|R
A−1.DB exp(dB).A =
DB exp(A
−1.dB.A)
« ^toz©{^vof{zt9toz}ix1~©z©®voz}|	1/vof1j½f]s]|vof{jItwztvf1bv
DM/2 exp
zt9z}]¬jovoz}y{~}jª
³8j|yuvz}	
exp(−M/2).dM. exp(M/2) + dM = 0.
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oi~by1toz}t9z©	³$f{z}f
M
zt9{z}|~³$z©vof	o|vbvz©|R
ivoz¯±
R
«QÃÄjv
(λi)
yWjvof1j&jz}j]¬b~}{jItg|´
M
«QÆ¿j&jv 	
dN := R.dM.RT = −
µ^z
(exp(−λ1/2), ..., exp(−λN/2)).dN.
µ^z
(exp(λ1/2), ..., exp(λN/2)).
¨ |]|Ruz}1voj/yBs|]|uz}1bvj­vf{zt$³$oz©vojIt 	
∀i, j : dNi,j(1 + exp(−λi/2 + λj/2)) = 0.
i^j1j
∀i, j : dNi,j = 0
1vof]1t
dM = 0
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Sα = exp(α log(S))
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S1, S2 ∈ Sym
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S1  S2 := exp(log(S1) + log(S2)).
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logS1(S2) = Dlog(S1) exp .(log(S2) − log(S1))
expS1(L) = exp(log(S1) + DS1 log .L).
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< V1, V2 >S=< DS log .V1, DS log .V2 >Id .
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d(S1, S2) = ‖ logS1(S2)‖S = ‖ log(S2) − log(S1)‖Id.
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λ ∈ R
  
λ ~ S = exp(λ. log(S)) = Sλ.
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jHtojBvojI´¶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m²Àvf{jHtojEto1jHtHª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1u|Ri ¬bz}y{~}j«Ã9jv
(G, d(., .))
yWjEÐz©jHik{{zÀto1j³$z¯vf¾z¯vt
{z}twv1jk1
S : Ω → G

G
°?¬b~©{jIÐ1{|i ¬bz}y{~}j«	Ã9jv
dP
yjkvf{jk{o|Ry1y1z©~}z¯vsikjHRtw{j
Rtoto|uzbvjHÂvo|
S
{j®1{jI¼|¼vf{jto1j[|´~}~^W|Rttoz©y{~}jÐ|Ruv|ikjHt
Ω

KtwjHj  ­´¶|RE¾|ik{~}jvoj
{jHtz©uvz©|RÐ|´Qvf{jk~ttwz~9{|y1y{z}~©ztvz}&´¶ixjH³4|Ro·Lª1ovoz{~~}sE´¶|R^vjHf{{z~jHB{z}jikjBvt
to1ftgikjHRtw1y{z©~}z©vsª]³$f{zf³$z}~}~{|vyWj&ikjBvoz}|{1jHf{jj«
Æ z©vofvf{jHtoj{|vbvoz}|tª]vf{jÒ{Hf{jv$ixjI
E(S)
|´
S
zt$uj®11jHy]s 	
E(S) =
¸ikz}
T
∫
Ω
d2(T, S(ω))dP (ω).
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G
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to{Wjz©|R|uj~}z}·j:vof1j½|b¬bz1j«Äegf{ztzt9u|R{j:vof{ztvz©ikjtwz}{$¬jI*v|tªikj~}s^vf{jQ~}|Roz©vof1ikt
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j¸1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y]s 	
CovE(S)(S) = E(logE(S)(S)) =
∫
Ω
log
E(S)(S(ω)). logE(S)(S(ω))
T dP (ω).
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+  S ∈
Lα(Ω, Sym+? (n))
   3K +    
∫
Ω
‖ log(S(ω))‖αdP (ω) < ∞.
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‖S‖α
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  
‖S‖α =
(
∫
Ω
‖ log(S(ω))‖αdP (ω)
)
1
α
.
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E  (S) = exp
(
∫
Ω
log(S(ω))dP (ω)
)
.
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E  (S1, ..., SN ) = exp
(
1
N
∑
i
log(Si)
)
.
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S : Ω → Sym+? (n)
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Cov(S)
  
Cov(S) = E(log
E 	
 (S)(S)) =
∫
Ω
(log(S(ω))−log(E  (S)))⊗(log(S(ω))−log(E  (S)))dP (ω).
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ω ∈ Ω

1
N
N
∑
k=1
log(Si)(ω) −→
N→∞
E(log(S)).
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E  ((Si)i=1..N (ω)) −→
N→∞
E  (S)
  0`	     
KUL
?¤ ÎÄÎ32  Ñ^t­ixjHBvoz}|{jI[z©Tvof{j	vof{jH|jiªW|{~}svof{jx|Bvz©]{z©vs|´Qvof1j	j±uW|{jHBvoz~z}t­{jHjHttoos
v|j±]vojºvf{j¬jI*vo|RxHtojEv|¿vof{jvojH1to|RtwjR«ÂÒ{|RT¬RjH*v|k{|]|´ª4tojj  d«ºÆ¿j[jHtojIz~}~©s
jH|ikikj1Evo|xvf{j&z©BvjjHtwvojHjH{j8vof{j&iwvz©{B~}j/1j|uuzvf{j|RosE{o|]|´¹t«
aÊf* '¶£>' Î3* & R8     U  
T
         #       +  #    $  S0 3 $ 0 3$
Σ
 3E    
log(S)
 H #  KH0$$ P3   H #    $ log(S0)  3E$    3$
Σ

 	&%9	8W'$$ ,#-.{0 38
$ 	

 4.W /&%¸
5789%:34
Ñ |ik{~}jvjk´¶ixjH³4|Ro·Ð´¶|b»{j°?z}]¬bz}1jk|Rix1uvvoz}|1t&z}¿vof{jvojtw|Rtw1Rjzt&{jHtojBvojI
z}  G(Ld«m²Tq]jI*voz}|T{ª³8jf1¬Rj&jik{f1RtwzjIf{|b³Åi	1fvf{j	Rj{jH~9$z}ji{1z}´¶ixjH³4|Ro·Ez}t
kkml noop$q
   $ U e 
|Wjovoz}jHt Ñ»{j°dm²]¬ozBv$[jvozt Ã9|°?~}z}ujI[jvozt
expS1(L) = S
1/2
1 . exp(S
−1/2
1 .L.S
−1/2
1 ).S
1/2
1 exp(log(S1) + DS1 log .L)
logS1(S2) = S
1/2
1 . log(S
−1/2
1 .S2.S
−1/2
1 ).S
1/2
1 Dlog(S1) exp .(log(S2) − log(S1))
< L1, L2 >S= < S
−1/2.L1.S
−1/2, S−1/2.L2.S
−1/2 >Id < DS log .L1, DS log .L2 >Id
d(S1, S2) = ‖ log(S
−1/2
1 .S2.S
−1/2
1 )‖ ‖ log(S2) − log(S1)‖S/jH|uujHtoz}/yWjv³8jjH
S
1/2
1 . exp (tW )) .S
1/2
1 exp ((1 − t) log(S1) + t log(S2))
S1
1
S2
³$z¯vf
W = log
(
S
−1/2
1 .L.S
−1/2
1
)
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y{~©j GR«
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EAff (S)
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  #  # 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ELE(S)
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zBv½ikjH1t«:m²Evof{j/~}vwvjgtojªRvof1jj­zt8z©j1j~  ^~©|BtwjIk´¶|i
´¶|Rgvof{j&ikjI|´ik|Roj/vofv³4|¸vojH1to|t«Ql8uvf{jHojRªuz©vof1jÃ9|°?~}z}ujIikjvozt8´¶ikj³8|·Lª
vf{jjEzt|R{jª:vf11·]t	vo|Tvof{j|Rixi¸uvvoz}¬]z¯vs¿|´$vf{jR{uz©voz}¬j1o|uu1v¸yWjv³8jjHÀvojH1tw|RtH«¿n­{j
tof{|R{~}¿{|vozjvf1bv	vof{jikjI U> 3  U     
#  	Rt&~©|R{Ðt&vof{jikjvoz}ztÃ9|°
½1~}z}{jH9«8Æ¿jf1¬Rj/vof{j	tikj1f{j{|Rikj{|R´¶|R^b»{j°?z}]¬bz}Rv$ikjH1tH«8egf{ztRj{jH~©zjIt8vof{j
~}Rtotoz~BjHto{~¯v:|¸1~©zujH¸ikjI1t³$f{zfxoj4z©1{jWj1ujHBv´¶|iÇvf{jg1~©zujHx{z}twv1j81tojH«
Ò1o|Ri HGdªu³4jtwjHj^vf1bv$z©´vf{jj/z}tg{|k~}|RtojH´¶|i ´¶|8vf{j&b»{j°dz}B¬bozBv4ikjIE|´9vj1to|tª
vf{jjz}tvof{jHg $ U$   	   xvf1bv^uj®1{jIt$z¯vz}ik{~}z}z¯v~©s 	
∫
Ω
log(EAff (S)
−1/2.S(ω).EAff (S)
−1/2)dP (ω) = 0.
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¬bozy{~}j
S
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KU% 8z}tj±]vojikj~}stoz}ixz}~gvo|kvf1bv|´
vf{j~ttoz}H~toH~gjH|ikjvoz~LixjIÄ«:m²1{jjHÄª{³4j&~}Rtotoz}H~}~©sf¬j 	
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d1, ..., dN
        
E(d1, ..., dN ) = exp
(
1
N
N
∑
i=1
log(di)
)
.
egf{j&Ã9|°d1~©zujI1b»{j°dz}B¬bozBv$Ò{Hf{jv8ikjH1t$yW|vfyWj|R1toz}ujHojIERt4Rj{jHw°
~©zHvoz}|1t/|´½vof1jj|Rikjvoz	ikjHÄ«km²1ujHjHª9vof{jHz©ujvojHoikz}1Bv&z}t/vf{jjH|ikjvoz¸ixjI¿|´8vof{j
Rj|Rixjvoz}­ikjH|´vf{j&1u|Riujvjikz©1Bvt
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?¤ ÎÄÎ32  Ò{|i |Ä« G/³4j·]{|b³¼vf1bvujv
(exp(M)) = exp(
eRj
(M))
´¶|$BstB1j­ivoz¯±
M
«Qegf{jH´¶|gvof1j&j|Rikjvoz^ikjHÄª{³8jjv	
ujv
(ELE(S)) = exp(
ej
(log(ELE(S))))
= exp
( ej
(
∫
Ω
log(S(ω))dP (ω))
)
= exp
(
∫
Ω
e9j
(log(S(ω)))dP (ω)
)
= exp
(
∫
Ω
log(
{jv
(S(ω)))dP (ω)
)
= exp (E(log(
{jv
(S)))) .
egf1j|iki¸uvvoz}|yjv³4jHjvf{jz}RvjR~Ä1vf{j&voj&u|{j	z©vof1j	|Rix1uvvoz}|1t$z}k1twvoz©®1jH
yWjHH1toj/vof{jvRjzt$¸~}z}{jH$|Wjbvo|Rg|ikvoz}jHtH« ijjvof1j&ojItw{~©vH«
Ò1|:b»{j°dz}B¬bozBv9ikjH1tHªvof{jHoj4z}t{|/~}|RtojH´¶|RoiÅ´¶|vf{j4ikjIÄ«5 e	 Rvof{jHoj8ztÄvf{j4ys]ju°
voz­jHB1bvz©|Rz}¬jHy]s½W« 
K[ *«Ql8s{1~©s]z}{vf{j&toixj^´¶|i	{~	Rt½yWj´¶|Rojb´ vjgf1¬]z}{v·jH
vf{j&j±uW|{jHBvoz~ÄE1toz}{ujv
(S.T ) =
{jv
(S).
ujv
(T )
³8j|yuvz}vof{j&jHto{~©vH«
egf{jH|ji [tof{|b³t^vof1v/vf{jkÃÄ|°?½1~}z}{jH1b»{j°dz}B¬bozBv^ikjH1t­|´vj1to|t­oj¸¬jHos
toz}ixz}~I«m²Àvjit¸|´z©Bvj|R~}voz}|Äª:vf{z}txjHto{~©v¸zt¸tbvz}tw´¹vo|sªQtoz©jz¯vkz©ik{~}z}jHt	vof1v¸vf{jz}u°
vj|R~}vojITujvojikz©BvHªz?« jR«vf{jk¬|~}{ikjx|´vf{jttw|uzbvjH[z}BvojHoW|~bvjHÐjH~©~}z}1tw|Rz}1tª³$z}~©~Q¬bos
yWjv³8jjHEvf{j&¬b~}{jHtg|´vf{jujvojikz©Bvtg|´9vof1jtw|R{j/vojtw|RtH«m²ujjIª{³8j/f¬j 	
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 [ inf
ω∈Ω
(S(ω)), sup
ω∈Ω
(S(ω))]
?¤ ÎÄÎ32  egf{z}tz}ttoz}ix1~©sE|1tojHB{jH1j/|´vof1j&ix|R{|v|{zz©vs|´vf{jtoH~gj±uW|{jHBvoz~Ä|´
vf{jt~gz}BvojR~K«
< Î ¤ Î ' '¹¥u¤ Ë :   
S1
3
S2
K # B 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?¤ ÎÄÎ32  m²1ujjIªWz©[yW|vfTRtwjItªuvf{j	z}BvojHoW|~bvjHujvjikz©1Bv­µ^jv
(t)
zt$vof1jjH|ikjvozikjH
|´Lvof{j^v³4|	{jvojHoikz}1BvtªRzK« j«Qbv
t ∈ [0, 1]
	:µ^jv
(t) = exp((1− t) log(
ujv
(S1))+ t log(
ujv
(S2)))
«
egf1z}tgz}BvojW|~bvoz}|ztgix|R{|v|{zª{toz}1jvf{juz©ÈWjHojHRvz}voz}|s]z©jH~}{t 	
d
dt
µ­jv
(t) =
µ^jv
(t) log(
{jv
(S2.S
−1
1 )).
egf1jtoz}|´ d
dt
µ^jv
(t)
zt|R1twvBvERz©¬RjyBs
log(
ujv
(S2.S
−1
1 ))
«
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j^toz©ikz}~}HªBy{uvgvf{js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?¤ ÎÄÎ32  ÃÄjv
L̄ :=
∫
Ω
log(S(ω))dP (ω)
«¼egf{jf]s]W|vof1jHtoz}txzt	vf1bv
[L̄, log(S(ω))] = 0
~©ik|Rtwv
to{j~}s«:egf{ztQz©ik{~}z}jHtQvf1bv
log(exp(−1/2L̄).S(ω). exp(−1/2L̄)) = log(S(ω))− L̄
~}ix|Btv8tw{j~}s«
Æ¿j¸tojjvof{jH[vof1v
exp L̄
ªz?« j«vf{j¸Ã9|°?~}z}ujIikjHÄªzt/tw|R~©{voz}|Ð|´:4« 
K\[&*ªLz?« jR«z}t/~to|
vf{jb»{j°?z}]¬bz}Rv8ikjH9«
q]|´¹IªL³4jxf1¬j¸{|vyWjj¿y{~}j¸vo|{o|b¬Rj&vof1jk|]¬jHtoj1wv/|´vf{zt{o|R|Btwz©voz}|9«/mdvis[yj
vo1j&z©[Rj{jH~Ä1vof1j{|B|´|´vf{zt^ttojovoz}|³$z©~}~ÄyWj&vof{j¸tw{y{jH*v­|´´¶uvo{j³8|·L«`i|b³8j¬RjIª
vf{j${j±Bv½to{y1tojHvoz}|k{|b¬]z}ujIt:1ovoz~u{|]|´ª¬b~©zx|{~}s	³$f{jHxvojtw|RtQojg{|vQvo|]|{zto|vo|1z}ª
z?« j«~}|Rtoj­vo|ktoH~}jH¬jHtoz©|RE|´9vof1j&z}ujHBvoz©vs«
   
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m² q]jI*vz©|R [Bª³8j¾twjHj#vof1vb»{j°?z}]¬ozBv[ikjH1tvojH1Åvo| yWj¾~}jHttÐ1z}to|vo|R{z}vf{j Ã9|°
½1~}z}{jH ikjI1tH« m²1{jjHÄªgvof{ztztE#Rj{jH~$ojItw{~©vH«Çegf{j[´¶|R~©~}|b³$z}{¿vof{jH|jij±u{~z}1tkvof1z}t
1f{j{|Rikj{|R³$f{jHvojtw|Rtgjz}to|vo|R{z^jH{|{RfÄ«
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!  $
(EAff (S)) <
!  $
(ELE(S)).
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?¤ ÎÄÎ32  egf{j¸zujIEzt­vo|twjHj¸f{|b³Çvf{j¸v³4|ikjHt­uz©ÈLj&~}|Rtoj	v|Evf{jxz}ujHBvoz©vs«	e|u|vof1z}tHª³4j
z}Bvo|uu1jxtoik~©~:t~}z}{´¹vo|R
t
1Ðtojj	f1|b³Çvof{j	v³4|ixjI1t^¬bs³$f1j
t
zt~}|Rtoj&vo| j|1«
Ã9jv
St
yj¸vof{j¸¬jHtoz©|R[|´
S
t~©jIy]s
t
z}Ðvf{j	~}|Bz¯vf{ikz}	u|iz}Ä«/Ñ|{1[vof{j¸z}ujHBvoz©vsªL³4j
H1tojvof{jlg·Rjo° ¨ ik{yjH~©~©° i^tou|RwÈ 
¹l ¨ Ò 8´¶|i	1~}¸vo|toz©ik{~}z©´¶svof1jy1sujHRvoz­jHB1bvz©|R

¹½W« 
?[& *«4Ã9jv1t1twjvf{j´¶|~}~}|b³$z©{k{|vvoz}|1t 	
log(S(ω)) := L(ω)
ª
L̄t;Aff := log(EAff (St))1
L̄LE := log(ELE(S))
«
Òz}twvHª{³8j1toj­v³$zjvf{jl ¨ Ò#´¶|i	1~}¸vo|k³8j&|yuvz}Evf{j´¶|~}~}|b³$z©{k1{o|±uz}ibvoz}| 	
log(EAff (St)
−1/2.St(ω).EAff (St)
−1/2) = tL(ω) − L̄t;Aff − t
3 1
12 [L(ω), [L(ω), L̄t;Aff ]]
+t3 124 [L̄t;Aff , [L̄t;Aff , L(ω)]] + O(t
5). 
?I
egf1j³4j&z}BvojRvoj/|b¬jH
Ω
vo||Ryuvz©vof{j´¶|R~©~}|b³$z}{{{|±uz©ivoz}|EÃ9jiki 	
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L̄t;Aff = tL̄LE +
t3
12
∫
Ω
[L(ω), [L̄LE, L(ω)]]dP (ω) + O(t
5).
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t3 124 [L̄t;Aff , [L̄t;Aff , L(ω)]]z}T4« 
KIyWjH|ikjHt
O(t5)
«&m²1ujHjHª³$f1jvof{jxz©Bvjbvz©|RÐ|b¬jH
Ω
ztu|{jRª
L(ω)
yWjH|RikjHt
L̄LE
«Ql8uv4³8j­Hj{~j
L̄LE
yBskz©vt8¬b~}{j^z}vji |´9b»{j°?z}]¬ozj$ikjH1toz©{¸½W« 
KI *«
egf1jÄª{twz}{xvof{j´¹R*vgvofbv
[L̄t;Aff , L̄t;Aff ] = 0
³8j&twjHj/vof1v³4j|y{vz}
O(t5)
«
$^|vojÐ~}to|vof1vvof1{·utxvo|¿vof{j^      3  3Hª
L̄t;Aff
yWjH|RikjHt
−L̄t;Aff
³$f{j
t
z}t
f{Rj/z©Bvo|
−t
ªz?« jR«
t 7→ L̄t;Aff
zt­|u{Ä«xÑ­t&|1tojHB{jH1jRª|{~}s[|u{Tvojit&{WjH­z}¿vof{j
{j¬jH~©|R{ikjBv$z©W|b³4jHtg|´
t
«
$j±]vHª{³8j/v·Rj/vof{j&j±]W|1jBvoz~|´½W« 
%Rg1{z¯ÈLjjBvozbvj/vof{j&j±]W|1jBvoz~Lv||yuvz}	
EAff (St) = ELE(St) + DtL̄LE exp .
(
t3
12
∫
Ω
[L(ω), [L̄LE, L(ω)]]dP (ω)
)
+ O(t5).
egf1j#³4jtwjtoj¬Rj~Q{|Wjovoz}jHt/v|T{1o|±uz}ikvoj¸vof{jvojk|´$»{j°dz©]¬bzBv/ikjI1tH«Òz}twvHª
³8jTtwj ¨ ||~}~}osQGÐv|_toz©ik{~}z©´¶s¼vof{j#1tojT|´vof{j#uz©ÈWjHojHBvoz~|´&vf{jj±u|R{jBvoz~?« egf{jY³4j
{{|±uz©ibvj^vf{j&j±uW|{jHBvoz~Ly]svof1j®1twvgv³4|xvjiktg|´z©vt$tojz}jHtgj±u11toz©|RÄ«:Æj&Rjv 	
ej
(EAff (St)) =
e9j
(ELE(St)) +
ej (
exp(tL̄LE).
t3
12
∫
Ω
[L(ω), [L̄LE, L(ω)]]dP (ω)
)
+ O(t5)
=
eRj
(ELE(St)) +
ej (
(Id + tL̄LE).
t3
12
∫
Ω
[L(ω), [L̄LE, L(ω)]]dP (ω)
)
+ O(t5)
=
eRj
(ELE(St)) +
t4
12
∫
Ω
ej (
L̄LE.[L(ω), [L̄LE, L(ω)]]
)
dP (ω) + O(t5)
=
eRj
(ELE(St)) −
t4
12
∫
Ω
ej (
L(ω)2.L̄2LE − (L(ω).L̄LE)
2
)
dP (ω) + O(t5).
e||R1~}1ujRªu³4j1tojvof{j´¶|R~©~}|b³$z}{xÃ9jiki 	
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A, B ∈ Sym(n)
 ! 
 
!# U$
(A2.B2 − (A.B)2) ≥ 0.
! 
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A
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(Ai)

¹ojItwÄ«
(Bi)
4yWj^vf{j/|~}{ikE¬RjH*v|t½|´
A

¹ojItw9«
B
*«Ã9jv
<, >
yj/vf{j­tw1~
t~}g{o|uu*vH«Qegf{jH³4jf1¬Rj 	
{ e9j
(A2.B2) =
∑
i,j < Ai, Aj >< Bi, Bj >e9j
((A.B)2) =
∑
i,j < Ai, Bj >< Bi, Aj > .
*,+fk*.-
 
	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# $ UI
Ã9jv1t:1|b³Âf{|Btwj$|vvoz}|¸ikvoz¯±
R
vofbvi·RjHt
A
uz|R1~ 	
R.A.RT = Diag(λ1, ..., λn) =:
D
«ÃÄjvtuj®{j
C := R.B.RT
twj/vof1j&{|vbvoz}|t
(Ci)
1
(Di)
´¶|$vf{j|R~©{ik¬jI*v|t
|´
C
1
D
«QÆ¿j&jv 	
{ e9j
(A2.B2) =
∑
i,j < Di, Dj >< Ci, Cj >=
∑
i λ
2
i < Ci, Ci >e9j
((A.B)2) =
∑
i,j < Di, Cj >< Ci, Dj >=
∑
i,j λi.λj < Ci, Cj > .
l8svf{j ¨ 1f]sB°²q{fB³g&z}{jHB1~©z©vsª³8j¸f¬j
|
∑
i,j λi.λj < Ci, Cj > | ≤
∑
i λ
2
i < Ci, Ci >
ª
³$f1z}f[{|b¬jItgvof1j®1tv­|Rz©BvH«­l4{v^vof1j ¨ fBsB°quf]³8 /z}{jHB1~©z©vszt/[jHB1~©z©vsz¯´½1|{~}s
z©´9vf{jjz}t$x|R1twvBv
µ
to1fvof1v
D.C = µC.D
«½l8uv$|{~}s
µ = 1
~}~©|b³t½vof1j/z}{jIR~}z¯vs|´9vf{j
~}jikiv|EyWjx[jHB1~©z©vs«egf{zt^zt^jIB{z©¬b~©jHRv­vo|
C.D = D.C
ªL³$f{zfÐz}t­jHB{z}¬b~}jBv­z}Ðv{[vo|
A.B = B.A
« ijH1jvf{j&jHto{~¯vI«
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 F  Æ f{jH[³4j{{~}sÃ9jiki¸vo|kvf{j|y{vz}{jIjItvz©ivoz}|´¶|
vf{jvRjª³8jEtwjHjvofbv´¶|R¸
t 6= 0
twi~}~jH{|{RfÄªvof{jvoj|´gvof{jb»{j°dz}B¬bozBv&ikjHÀzt
z}1ujHjHktwvoz}vo~}sz©{´¶jz©|Rv|vof{jgvRj8|´Wvof{jÃ9|°?~}z}ujI¸ixjIk³$f{jH{j¬Rjvof{j$ikjIx~©|RRz©vof{i
{|BjItg{|v^|iki	{voj&~}ik|Rtwv$to{j~}s³$z©vofvof{j&~}|Bz¯vf{i |´vof{j&u|i vj1to|I«
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# 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λId #  
 λ > 0 
< Î ¤ Î ' '¹¥u¤ Ë F   
# 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|Rik1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z}ixjHBv~WjHto{~¯vt8yjv³4jHjÃ9|°?~}z}ujIixjvoz}Ht41b»{j°
z}]¬bz}Rvikjvoz}Ht«:Æ¿j^f1¬Rj^twjH~©jI*vjHxvof1ojHj­1{~©zvoz}|1t½~}ojIusx{jHtojBvojIkz©  G(L& 	i	{~©voz}~}z©{jI
z}BvojHoW|~bvz©|RÄªuuj1toj&j±]v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2mm ∗ 2mm ∗ 4mm
«:Æ f{jH|R{j/³$z}tof{jHt8v|
jHtik{~}jvf{ji zto|vo|1z}H~}~©sRªz?« jR«z©Tvof{jxj±{ik{~}jx|yuvz}
128 ∗ 128 ∗ 60
¬|±uj~t^³$f1|Rtoj¸to1bvz}~
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zBv&ixjvoz}xv|Tto|~}¬j½µ­½t
z}¼vof1jTe9jH1to|EÒz}j~«ÇÆ f{j |R{jÐ³$ztwf{jItkvo|ºixz}{z}ikz%HjTÀz¯vj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vof{jÐvsBWj
E(S)
³$f{jHoj
S : Ω ⊂ R3 → Sym+? (n)
z}t4vojH1to|½Òz}j~ªR|R{j^Hk®1tv8|ik{{voj$vf{j{z©jHRv|´vof{j­z¯vjz©|R
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   g³$z©vofvof1j&1tw~L®1tv$¬bzbvoz}||´vof{joz©vojHoz}| 	
E(S + εdS)(x) = E(S)(x) + ε < ∇E(S)(x), dS(x) >S(x) +o(ε).
Æ z©vofvof1z}t/{z©jHRvIªL|{jxikz©{z}ikz%Hj	vf{jz¯vjz©|RÐ³$z©vof  + $­jH¬|~}uvz©|RTjHB1voz}|Ð|´
vf{jvs]j	
St+1(x) = expSt(x) (−ε∇E(St)(x)) .
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{jRRuz©jHBv
{jHtjBv&³$z©vofÀ®{±ujHvoz}ikjtvj
ε
v|vof{j$z}ji{{z´¶ixjH³4|Ro·L«egf{ztz}t	u|{jky]stof{|]|vz©1
~©|R{vof1jjH|]{jHtoz}$twvwvz©{v
S(x)
z}vof1j^uz}ojI*voz}|Rz©¬Rjky]s	vf{j|R{|Btwz©voj^|´Lvof{j­$z©jHi{{z
RRuz}jBv
∇E(St)(x)
³$z¯vf¿Evoz}ikjktwvojH
ε
«	egf1z}t/z}Rvoz}1toz}¸j¬R|~}uvoz}|1BvojjIt$vf1bvbv/voz}ikj
tvf{j®j~
St
z}t­tvz©~}~:vojH1to|®j~ª³$f1z}fÐzt1|v­1jHjItotz}~©sEvof{jxtoj&´¶|R­~}Rtotoz}H~1~}zujH
RRuz}jBvg{jHtjBv$z}³$f1z}f{|Ru°?W|Rtoz©voz}¬j/jz}j]¬b~}{jIt8H[1jII«
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m²  G(Ldª1|Ruvoz}ikz%Ibvz©|R´¶ikjH³4|Ro·³gtg{|W|RtojHEvo|{j1toj~}sEj±Bv|R~}voj&to1j^vj1to|^z©u´¶|Rw°
ivoz}|Ä«kegf{ztz}t&twj´¶{~Qz©#1wvz}{~/´¶|/vof1jj±]voW|~bvz©|RT|´gtwtwj¸®1tvo°?|RujH­z}u´¶|Roibvz©|R
|R1bv|ikz~L¬bzy{z}~©z©vs«
egf{joz©vojHoz}|Evo|ikz}{z©ikzj&zt8vof{j´¶|R~©~}|b³$z}{	
E(S) = Sim(S) + λReg(S).

%#G
Sim(S)
zt8vof{jY U 
 
  Çvo|kvf{jtwtwj{bv{ªu³$f{zfz}t$|´9vf{j´¶|i	
Sim(S) =
∫
Ω
N
∑
i=1
d2(S(x), Si)Gσ(x − xi)dx.

%B 
i^jjª
Ω
ztvof1jz©iRju|iz©Äª9vof{j
(xi)
jxvof{j
N
to1voz~QW|Rtoz¯vz©|R1t&³$f{jHojxvojH1to|&ikjHRtw{jHt
(Si)
j4·]{|b³$Ä«egf{ztQj{jHoRsvojHoitQik|uuj~tvof1jg´¹*v:vf1bv¬b~}{jIt
S(x)
{jH
xi
tof{|1~}¸{|v½{z¯ÈLj
v|]|&i	1fk´¶|i vof{j^ixjIto{j
Si
«Qegf{j^jBvojHojI S1ttwz
Gσ
|´¬bz1j
σ2
B1Bvoz©®1jItQf{|b³_vof{j
z}  1j1j&|´9vf{j&ikjHRtw{j
Si
j±]vj1{tgz}[twj/´¶|i
xi
«
egf{j&1o|R|BtwjI  U	 H >      Oztgvof1j~ttwz~Wfix|R{z^jH{js 	
Reg(S) =
∫
Ω
‖∇S(x)‖2S(x)dx.

%%
Ð|j­{jHz}toj~}sª]vf{jtRjH1|i)|´vof{jto1voz~{z©jHRv
‖∇S(x)‖2S(x)
zt$z}¬jHy]s 	
‖∇S(x)‖2S(x) =
3
∑
j=1
‖
∂
∂xj
S(x)‖2S(x).

% 
m²  G(L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%#G 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R{{vojH]{ikj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%R8yjI|RixjIt 	
Sim(S) =
∫
Ω
N
∑
i=1
‖ log(S(x)) − log(Si)‖
2Gσ(x − xi)dx.
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∂
∂xj
log(S(x)) = DS(x) log .
∂
∂xj
S(x).
4« 
%U% 8³$z©vojHtg1|b³Ytoz©ik{~}s 	
Reg(S) =
∫
Ω
‖∇ log(S(x))‖2dx.
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1 
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*ªWz©vz}t^ojHiko·by{~©j­vofbvvf{j{|R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S(x)]s/ik|RojR« ! 
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|]s&z}¸vf{jÃÄ|R°d1~©zujH
Htoj«Qe|xikjIto{oj1z}to|vo|RBsRª]³4j1tojvof{j $U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KÒuÑ *ª1³$f{z}fzt$uj®{jHy]s 	
FA(S) =
(
3
2
∑3
i=1
(
λi − λ̄
)2
∑
i=1 λ
2
i
)
1
2
.
m²xvjikt|´|ik{{vbvz©|R1~{|RtwvHªvof{jÃ9|°d1~©zujI¸´¶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voz}ikjHt
´¹RtvjEvof1¼vof{jHz©b»{j°?z}]¬ozBv|R{BvojHo1wvt« q]jHjTey{~}j#´¶|RE|Rik{uvvoz}| vz©ikjIt|2
:jHRvz©1i   S i)ªGcS/|^Ñ^À«]egf{j$1ixjvojHtQf{|BtwjH¸z}kvof1jj±uWjz©ikjBv½oj	
σ = 1/16∗W³$f1jj
W
zt^vf{jx³$z}]vfT|´vof{jxzª
λ = 0.05
ª
∆t = 0.5

¶voz}ikjxtwvojH 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m² G(L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{jvz©~}jHÄ«egf{jEz}ujIz}tvo|ÐjR{~z%Hj¸vf{jvj1to|&®j~
¶z?« jR«i·Rjkvof{jEojH{~z¯vsTj{jHoRsTz}¬jH
y]s¿½W« 
%U% &ujIjHtoj/z}¾¾R{{voz}¬j³gsto|Ðt&v|Ð{jHtoj¬jtwvo|{[¬bzbvoz}|t&ti¸1f¾t
S/zq]zj Ñ$È:« °?m²]¬L«[jvoz l8z}z©]¬L«Q[jvoz   |´:mdvojbvz©|R1t q]WjjIbvz©|
¹ÑÈ l8z 
G(L± G(L GHi[]« bRRt GI{«HGRt LR [u« 
%Rb±#%R ijGH{« Bt GR« IIRt LR [u« L
L±#L ik1« \[t bik []« %Bt LR [u« 
%B±#%Rb±#%R %GiY[]« Lt i1« %Rt R [u« 
ey1~©j$ 	 < Î  A ¥u¤ '¹¢ Î+*[Î32 ¦ Î  A 	9£I¥u£(' Î+* ¥' A½Ê ¤ 2dÎ ¤ ¾¥ * ¦ Êyjv³4jHj¸»{j°dz©]¬bzBv1	Ã9|°
½1~}z}{jHikjvozt8´¶|Rujtwjj±]v|R~}voz}|Ä«
kkml noop$q
%   $ U e 
W|Rttoz©y{~}j«Ðegf1z}t¸~©|b³g°d~}j¬jH~Q{|]jHttwz}{ÐHÀyWj1z}~´¶|	vof{jtwjItot	|´$f{z}fu°d~}j¬jH~½~}|Roz©vof1ikt
ytojHtw1ft8vf{|Rtoj/vo·]z}{	®yjHt8vR*vtgz}vof{j&³$f1z¯vj&ikvwvj$|´vof1j&y{z©9«
egf{ztk³gtu|R{jz© HG>L³$z©vof twz}ik{~}jik|uuz©®voz}|1tk|´^vf{j[uz}jBvk|´­vof{jj1~}ozHvoz}|
jH{jsvof1vojItw{~©vz}vwvj]1bvz©|R|´vof{j&RRuz©jHBvg³$f1jj¬jH$tvo|R{k¬ozbvz©|R1tg|u{H«egf1z}t
~}jHR{t8vo|kik|uuz©®1jH[Ã{~j|Wjbvo|RH«Qm²vf{j~ttwz~1~©zujHÐRtwjRª]vof{jik|uuz©®1jHÃ{~j
|RjHvo|R8³$z©vojHt 	
∆anisoS(x) =
3
∑
j=1
c(‖
∂
∂xj
S(x)‖)
∂2
∂x2j
S(x)

%C[
½R*voz~©~}sª]vf{j´¹ikz}~©sE|´´¶{1*vz©|R1t
c(x) = exp(−x2/κ2)
³8Rtg1tojHz©  G(Ld«
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zvojH1tw|R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z%Ibvz©|R|´8vf{jERtoto|uzbvojI¿~©|RRz©vof{ikz
®j~À³$f{zfÀz}tx[¬jI*v|&®1jH~}Ä«Ð½W« 
%\[&	ÀyWjEtwjI¾uz}ojI*vo~}s#twz}1jEvof{jÃ9{~}Rj|RjHvo|	z}t
toz}ix1~©svf{j&1to1~Ã91~}RzEz}vof{j&~}|Bz¯vf{ikz}/u|Rikz©9«
Ñ­t/Tj±uik{~©jRª³4jxf1¬Rj&®1~©vojjH{zto|vo|1z}H~}~©sµ/egm­to~}z}j	|´
128 ∗ 128
¬|±uj~tz}¿y|vof
z©jHik{{z´¶ikj³8|·ut«$egf{j¸1ikjvojt$1tojHTj 	
κ = 1.0
ª
∆t = 0.1
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